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Summary - Résumé :

Slope stability for planar, polygonal and wedge-shaped sliding surfaces: A formula
for the design of anchors in rock slopes is presented. Since several parameters can
be lumped together in two factors and the cohesion appears in an explicit form the
formula can be used to carry out parametric studies with little expenditure of time.
Due to an analogy between plane failure and the sliding of a wedge on two planes

the same formula can be used to describe the three dimensional problem. An extension
of the work to problems involving polygonal sliding surfaces is presented, which is
based upon the hypothesis that due to kinematic considerations a discrete number of
internal slip surfaces must exist in the rock mass. These internal slips may take
place on preferred surfaces, which arise from the actual geological situation. In
the majority of cases, however, new ruptures are created, that depend only partially
on existing planes of weakness. In the numerical procedure the rock mass is divided
up into discrete elements governed by the assumed internal slip surfaces. The basic
formula mentioned above is then applied to each element separately. The internal
forces acting on the interfaces between elements are defined by an additional failure
condition. In an example taken from rock engineering practice it is shown how great
the influence of the rock mass in resisting the development of such internal slip
surfaces is with respect to the stability of the slope.

Stabilité de talus rocheux sur des surfaces de glissement polygonales et spaciales:
Pour dimensionner l'ancrage d'un talus rocheux, on présente une formule qui permet
d'effectuer des analyses paramétriques avec un travail minimum du fait que plusieurs
paramétres sont résumés dans deux facteurs et que la coh@sion est prise en compte
explicitement. Grace i une analogie entre le probléme plan des talus et le glissement
d'un coin de roche sur deux plans, le probléme spacial se laisse aussi traiter avec
la méme formule fondamentale. Un élargissement du domaine d'application A des prob-
lémes a surfaces de glissement polygonales se base sur le fait que pour des raisons
cinématiques il existe des glissements internes ou cisaillements dans la masse ro-—
cheuse. Ces surfaces de cisaillement sont parfois données par la nature, mais la plu-
part du temps il se forme des cassures nouvelles qui ne suivent que partiellement

des zOnes faibles préexistantes. Les surfaces de cisaillement divisent la masse ro-
cheuse en différentes parties ol la formule fondamentale citée peut €tre appliquée
séparément.



1. Introduction

Normally, for investigating numerically the stability of rock slopes, simplified de-
formation mechanisms are assumed. The computations are then carried out for various
material properties and loading values. With the aid of the simple mathematical re-
lationships presented here numerous behaviour hypotheses can be easily tested, so
that a better understanding of the interplay of the forces in the rock structure is
possible. Only on the basis of the knowledge thus gained and by considering influen-
ces not directly quantifiable can decisions be made regarding shape, drainage and
safety measures in a rock slope. For a parameter analyses in rock engineering it is
important that the extent of the mathematical formalism is kept to a minimum. The
computational method given here meets this requirement in two respects. Firstly, a
basic formula for the safety factor of rock slopes is presented, which is valid for
both slip along a plane surface and of a three-dimensional rock wedge. This is pos-
sible thanks to the discovery of a formal analogy between the two problems. Secondly,
the use of this formula is further simplified by means of charts or programming for
a pocket calculator. The investigation of problems with polygonal slip surfaces gives
a useful insight into the relationships holding for kinematically complex slides.
Here, especially, the significance of potentially new failure surfaces, i.e. slip
surfaces within the sliding rock mass, is evident.

2. Theoretical Foundations

The mathematical treatment of rock slides is based upon the hypothesis of limit
equilibrium. The rock is idealized as a rigid body, and only sliding but no rota-
tion or lifting—off of the potential sliding mass is considered.

2.1 Remarks on the defintion of safety factor

In civil engineering safety factor is usually understood as the relationship between
the applied stress and a strength. In this sense the safety factor with respect to
sliding of a slope is formulated as

maximum shear resistance

F.= s
S applied shear force

(1)

Another defintion that is frequently used is based upon a grouping of the forces
acting on the sliding mass. This leads to the following definition of safety factor

resisting forces
driving forces

Fg= (2)
With the aid of a simple example it is shown that the two defintions can lead to
completely different results (Kovdari and Fritz, 1976). A body resting on an inclined
plane is loaded by its self-weight W and an anchor force T. The corresponding com-
ponents parallel and normal to the sliding surface, Wg, Tg and W,, T, respectively,
are shown in Fig.l. If the maximum shear force at the moment of slip is designated

by Spaxs then according to definition (1)

= SmaX
Fs " g5

so that the component of the anchor force Tg reduces the effective applied force in
the denominator. The safety factor defined by (2), however, becomes

= _ Smax * Tg
S ws

i.e. the anchor force contributes to increase the resisting force in the numerator.



Fig. 1: Potential sliding mass with the components of self-weight Wg,
Wn and the anchor force Tg, Tp

It is evident that difficulties arise in applying the second definition. Whereas a
loose anchor is considered as a passive resisting force in the numerator, if ome is
consistent, a prestressed anchor whould be considered as an active force reducing
the resultant driving force in the denominator.

A comparison of the two definitions of safety factor for a given case is shown in
Fig.2. The ratio Tg/Wg is plotted as abscissa, the ordinate representing the safety
factor. Firstly, it is noticeable that the asymptotic value of F (Definition 1) at
Ts = Ws is infinite, since the resultant force parallel to the sliding surface dis-
appears at this value, which means that failure can never occur. For even higher
values of Tg the rock mass will slide upwards and Fg decreases. The second defini-
tion, however, is not capable of taking into account these two phenomena. For Tg=Wg
the value of Fg is finite. Furthermore upwards movement of the rock mass is not
accounted for. Only for downwards sliding in the range of values of Fg around 1 is
there agreement between the two definitions. It is clear that the second definition
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Fig. 2: Safety factor according to two different definitions



based on the consideration of driving and resisting forces should not be applied for
the following reasons:

- upwards sliding is not accounted for,
- meaningless values are obtained for Tg = Wg .

- it infringes upon an elementary law of mechanics, according to which a group of
forces acting on a rigid body is equivalent to its resultant. The determination
of a resultant is not possible, because the external forces due to inadmissible
grouping act partly as driving and partly as resisting.

2.2 Plane failure surface

A vertical section through a potentially unstable rock slope is shown in Fig.3. The
weight of the rock mass is W and the contact area with the underlying rock on which
it rests is A. The resultant R of all external forces acting (anchor force, water
pressure, surcharge etc.) is directed at an angle B to the horizontal.

area of sliding
surface

,,,,,

TRSTRSIRI7X
Fig. 3: Geometry of the slope and the forces acting on it

The geometry of the slope enters the calculation through the area A, the slope angle o
and indirectly through the self-weight W. The reaction on the failure surface is com-
posed of a normal force N and a shear force S. Resolving the forces into components
parallel and normal to the failure surface leads to the following equilibrium equa-
tions ‘

0'
0.

S+ Rcos (oo + B) - G sin o

N - R sin (o + B) — G cos a

The definition of safety factor according to (1) is
Fs = Smax/ .
Sacting
and Coulomb's failure condition for the contact surface is
Smax = N tan ¢ + c A (where c: cohesion, ¢: friction angle).

Thus the sought for basic formula (Kovari and Fritz, 1975), which represents the key
to the simple treatment of slope stability problems, is obtained directly, namely

R = ki (1—-°w5k2)w (3)




The coefficients ki and k) are given by the expressions below

Fssina ~ coso tand

ky = Fgcos(a +B) + sin(a +B) tand

1
Fgsina - cosa tand

k2 =

The following points are worthy of note with regard to the above formula:

- if, besides the anchor force, no other external forces are acting, it may be used
directly as a design formula for the anchor force.

-~ the cohesion c appears explicitly, which allows a very simple estimate of its in-
fluence to be made.

- it is valid, as will be shown afterwards, also for the three dimensional problem
of sliding of a wedge on two plane surfaces.

The simple evaluation of this formula in practice is aided by the use either of a

programmable pocket calculator or of design charts (Kovari and Fritz, 1976), whereby

the factors kj and k2 are a function of geometry, safety factor and friction angle

only. An extension of this formula is described in appendix 4.1.

2.3 Sliding of a wedge on two planes

The three-dimensional problem is treated here of a wedge sliding on two planes with
the contact areas Al and Ap. It is shown (Fig.4a) how this case is analogous to the
simple one previously handled. We define a cartesian coordinate system (s,n,h). The
s—axis lies in the direction of the line of intersection of the two planes, the
h-axis is horizontal and the n-axis is in the vertical plane through the line of
intersection. Fig.4b shows a section with a vertical plane through the intersection
line, while Fig.4c shows a section normal to the intersection line.

The forces acting are divided into three groups:

- self-weight W.

- reaction (now two normal (Nj, N2) and two shear forces (S1, S2) respectively).
- the resultant R of the external forces.

Analogue to the case of one sliding plane the basic relationships may be formulated
for

- the three equations of equilibrium,

- the definition of safety factor (1),

- Coulomb's law of friction for shear resistance along the sliding surface.

To begin with, it will be assumed for the sake of simplicity, that the resultant R
lies parallel to the vertical plame (s,n) through the intersection line, and further
that the same friction angle applies to both planes. The combination of the five
conditions with the help of elementary algebraic operations yields the following
basic equation for wedge problems

c1A1 + c2A2
W

k3) W (4)

R = ki (1 -

. %
F551na - €Oosog tan®

where k? = S
Fgcos(ag+B) + sin(as+8)tan®*

* 1

: - *
2 Fgsinag - cosag tand

cosw] + cosw?

*
tan® = . tand = Atand .
sin (witw?)




One immediately recognizes the correspondence of this formula with that for a single

plane and the conditions of the analogy:

- instead of the slope angle o of the single failure surface the slope angle ag of
the line of intersection of the two failure surfaces is employed,

- instead of the friction angle & the angle ¢* is used,

- instead of the product cA the sum cjAj + cpAp must be considered.

The inclination ag of the intersection line and the factor A for determining the
angle ¢* may be read directly from tables for various geometries (Kovdri and Fritz,
1976). In the same work all the necessary derivations are given in detail, especially
for the angles wj and w3.

Fig. 4: Isometric view and sections of a rock wedge



Fig. 5:

Rock slope in Canton Grisons,
Switzerland

2.4 Example from rock engineering practice

With the aid of a practical example it will be shown how a parametric study can be
carried out using the basic formula presented here. In the course of the reconstruc-
tion of a mountain road in Switzerland a section, approximately 100 m long, of a
steep rock slope slid down (Fig.5). Since sliding of the remaining part of the slope
was feared the use of rock anchors as a possible remedial measure was to be investi-
gated. Characteristic for the whole rock mass was intensive folding and shearing of
the interchanging beds of limestone and argillaceous shale (Fig.5). The most impor-
tant consideration regarding potential instability was the presence of shear surfaces
in the plane of the axis of folding, inclined at an angle 300-40° normal to the road.
The rock mass could break free from one of a number of joint systems running through
it. Based on this data the problem was reduced to one of sliding on a single plane,
whereby strips 1 m wide were considered. The endangered rock mass was divided in
cross-section (see Fig.6) more or less arbitrarily into three parts, with the idea
that the safety factor was best considered, for either just the lower part breaking
off or the whole rock mass coming down.

a =40°

W,=95 t/m' A;=7 m?/m'
W,=90 t/m' A,=5 m?/m'
W3=80 t/m' A3=5 m?/m'

Fig. 6: Typical cross-section through the potential sliding mass



In a first computational step the material properties of the sliding surface were
back-calculated from the stability of the whole rock mass with the help of the for-
mula (3). Substituting a safety factor Fg = 1 and various friction angles ¢ the
necessary cohesion c was calculated and plotted in Fig.7 in function of @. Each

point on this curve represents a possible combination of values of ¢ and ¢ satis-—
fying the condition of limit equilibrium.

For typical pairs of values of c and ¢ the required anchor force was determined for
various values of safety factor. For example, in Fig.8 the anchor force for three
cases W = W1, W = Wj+W2 and W = W1+Wp+W3 is shown for a selected pair of values (c,®).
If a smaller probability of occurrence is attributed to the whole rock mass (i.e.

W = W1+W2+W3), the safety factor Fg = 1.1 may be regarded as adequate. The correspon-—
ding anchor force T = 25 t/m' means, however, that for sliding of the lower part

Fs=

1.0
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Fig. 7: Strength parameters for the limit equilibrium method
(parameter back-calculation)
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Fig. 8: Influence of the safety factor on the required anchor force



(W = Wp) alone the safety factor is Fg = 1.4. The increase of the safety factor com-
pared with that for sliding of the whole rock mass is in agreement with the greater
probability that was assigned to this case.

With the simple estimate for the anchoring costs P in dependence upon the number of
borings n, the anchor lengths 1 and the price P per unit of the anchors and Pp of
the borings, i.e.

P=(PA+DPB)1

an optimum anchor inclination B was finally determined. The anchor costs in percent
of the minimum value are plotted as ordinate against the angle B as abscissa in
Fig.9. Depending upon the desired safety factor Fg there result, naturally, different
anchor costs. However, the optimum inclination B for this example always lies between
10° and 30°.

W= W,
se 3001 o = 50
= 0.9 kp/cm?
%
8 2004 -
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INCLINATION OF ANCHORS B

Fig. 9: Determination of the most economic anchor inclination

3. Sliding on polygonal sliding surfaces

From experience it is known that sliding, corresponding to the nature of rock,
usually takes place on polygonally-shaped surfaces. For such cases Janbu (1954)
and Morgenstern and Price (1965) have suggested practical methods of computation,
whereby the endangered earth or rock mass is divided up into vertical strips or
slices. The computational procedure is based on certain assumptions regarding the
distribution and slope of internal contact forces, as well as the hypothesis of
limit equilibrium. The method advocated here, however, is based upon the physical
requirement that sliding on a polygonal surface is only possible kinematically if
a sufficient number of internal shear surfaces can develop. For the sake of sim-
plification, in the following only continuous plane shear surfaces starting from
the intersection lines of the polygon sliding surface are assumed. Thus, as shown
in Fig.10, the slide of a mass on three planes must be accompanied by at least two
internal shear surfaces. For n external sliding planes (n-1) such interfaces are
required. The method described here rests upon the following basic assumptions:



a) The blocks comprising the rock mass are each considered to be rigid.
b) The directions of the internal shear surfaces are known.

¢) On the internal and external sliding surfaces (at the condition of limit equi-
librium) the Coulomb failure condition applies, and no tensile strength is
permitted. The strength parameters may be allocated different values on each
sliding surface.

d) For the safety factor - according to definition (1) - the same value is assumed
for all internal and external sliding surfaces.

Fig. 10: Kinematics of a slope failure for a polygonal sliding surface

On the basis of these assumptions the sé?éfy”factor and all external and internal
reactions can be determined for a given'gESmetry, loading and strength. The direc-—
tion of the internal shear surfaces is chosen from case to case on the basis of a
careful investigation of the structure of the potential sliding mass. However, for
highly jointed rock the direction of the internal slip surfaces can be found by the
condition of a minimum safety factor for the system. In an investigation of the sta-
bility of an earth dam Sultan and Seed (1967) used a similar criterium. It is rea-
dily seen that the resistance of a rock mass to splitting up into various parts

plays an important role in stability calculations. The significance of interlocking
effects in the joints and the strength of the rock are in this connection of great
importance. Miiller (1962, p.270) has already drawn attention to these aspects. With
regard to the same safety factor being postulated for all slip surfaces the follo-
wing remarks are offered. As will be shown in the next section, it would be formally
possible to allocate a different safety factor to each slip surface. One limiting
condition must be observed, i.e. that at the moment of slip the safety factor on all
surfaces must be reduced to the value of unity. This refinement allowing for varying
safety factors, however, seems to us, due to insufficient foundation and considering
the many simplifications introduced to solve the problem, to be inappropriate. In

any case, with considerations of this kind the contributions of the relative displace-
ments along the interfaces, which are necessary to mobilize the shear resistance,
must also be taken into account. One could quite easily imagine a situation, in which
because of large deformations the external slip surface has reached a state of resi-
dual shear strength, whereas the internal slip surfaces (with smaller relative defor-—
mations) still exhibits the peak value of shear resistance. This consideration, which
is related to the problem of progressive failure, exceeds the limits, however, of
this present study. Indeed, the method of limit equilibrium, due to the assumption
of rigid body behaviour, is not suitable to solve the problem of progressive failure.
It is only possible to determine an admissible velocity field in the sense of the
plasticity theory of Hill (1955).



3.1 Polygonal failure surface consisting of several planes

The general case of a potential rock slide on a n-section polygonal slip surface is
shown in Fig.ll. The geometry of the slope is fixed by the angles of inclination

ai and yj and the corresponding areas Aj and &{ of the respective slip planes. The
forces acting are again divided into three groups:

- The weights W;j of the individual blocks,
- the external reactions Nj, Si and the inner reactions Nj, Si (contact forces),

- the resultant Rj (of slope Bj) of the external forces (anchor_force, water pres-—
sure in the external slip surfaces etc.). Water pressure, that may act in the
joints normal to the internal slip surfaces, are taken care of by the forces W;.

If it is now assumed that there is a different safety factor in each slip plane,
four unknowns are obtained for each plane, the safety factor, two reaction forces
and one strength value (Spzx). Thus for n external and (n-1) internal slip surfaces
there are altogether (8n-4) unknowns to be determined. For this purpose, for each
of the n blocks, two equilibrium conditions must be satisfied

£Xi = 0, Y; = 0

as well as the [n + (n-1)] Coulomb conditions on the sliding planes and the corre-
sponding expressions (1) for safety factor in the form

Simax = Nj tand+ciAj (Ni > 0), simax = ﬁi tand + cijA{ (Ni > 0)
Slmax - Simax

Fsi = —_— R FSi = _:—
S; S;

In the above it was tacitly made use of the principle of action and reaction for the
component forces N,5 on the interface. Thus for the systemas a whole with n blocks
there are (6n-2) equations and (8n-4) unknowns, i.e. the problem is statically inde-
terminate to the (2n-2)th degree. This indeterminacy is a consequence of the working
hypothesis of the method of limit equilibrium, as with the assumption of rigid beha-
viour the displacement and stress fields are unknown. The deficient equations, there-
fore, cannot be found using mechanical or physical laws. A possible hypothesis is to
make the safety factors in the various slip planes dependent upon one another. Since
the safety factor in the case of slip must be everywhere unity and here a simplified
approach is sought, we assume that the safety factor is equal in all slip planes.
The deficient equations are thus

Fs{ = Fsy (2 <1i<ntn - 1).

In solving the system of equations it should be noted, that most of the unknowns can
be eliminated with the help of the basic formulas (3) and (7) respectively, leaving
just n values. To solve the remaining equations, on account of their nonlinear cha-
racter, an iterative method is used. The equations are best solved, therefore, by
means of the computer program listed in appendix 4.2. For the special case of sliding
on a two—degree polygonal surface it is shown in the next section that this problem
can also be solved by hand with not too much effort. For the sake of completeness, a
semigraphical procedure for the analysis of an n-degree polygonal sliding surface is
also presented. Generally, this procedure would only find application if an electro-
nic computer were not available.

Remark: If, with the exclusion of tensile strength of rock, negative contact (inter-
action) forces occur this points to a separation of the individual blocks. From the
point of view of the stability analysis, the slide of the whole rock mass is no lon-
ger of interest, but only of a certain group of blocks.



b)

Fig. 11: Element i of a rock mass with a polygonal sliding surface
a) geometrical quantities
b) internal and external forces

3.2 Polygonal sliding surface composed of two planes

The rock mass shown in Fig.1l2a rests on two potential sliding planes of angle of
inclination a7 and ap . Sliding is only possible if an internal slip surface with a
certain inclination y can develop, so that the mass is divided into two blocks of
weight W] and Wy respectively. Besides possible external forces R; and Ry and awater
pressure U acting in the interface there are the reactions Nj, S1 and Ny respectively
.on the external slip planes and an interaction force I on the internal slip surface.
The components N, 5§ of I must fulfil the failure condition of Coulomb. With the para-
meters for the internal slip surface - cohesion €, friction angle ¢ and contact area

A - the Coulomb condition is



Icos$

N =
S

= Ising

DETAIL OF INTERNAL SHEAR SURFACE

a) b)

Fig. 12: Rock mass with forces acting on it for a sliding surface
consisting of two planes

gmax = (N ~-0) tand + cA .

Employing the definition (1) for safety factor, viz.
S N-T cA
H

max -
Fg = = = tand +

S S

one obtains the characteristicangle § (Fig.12b) between the interaction force I
and the normal to the corresponding sliding surface:

S . Tk
tans = — =-L1 (tand + E:A-) , (5a)
N Fg N
with the relationships
N= Icos§ and c* = ¢ - — tand .
A
As a known special case one obtains, for cohesionless material, without water
pressure in the interface and a safety factor Fg = 1, the value of § :
§'= 5 . (5b)
The angie of inclination B8 of the interaction force follows from considering
Fig.12b for the lower block 1, i.e.
= 31
B)= 5 v -8 (6a)

and for the upper block 2
By~ Byt T . (6b)



The safety factor for the whole rock mass is found from the condition that this
value must be equal for both elements. In practice the necessary force I is found
separately for each block with the aid of the basic formula (7) as a function of
the safety factor. For the lower element 1 the following expression holds, for
example:

c*A

I = k].(l -W

kz) (W1+R]_w) - R]_]-_ .

The angle of inclination B of I is chosen, as a first approximation, with the help
of eqns. (5b) and (6). The resultant force Ry or its components Rl, and R]j in the
directions of W and I respectively represent external forces acting on the block
such as surcharge, anchor force, water pressure in the external slip surface (water
pressure in the internal slip surface is accounted for by a reduced cohesion ¢%).
For the angle B and the assumed value of safety factor Fg the coefficients k] and
ko and thus the interaction force I are now determined. Fig.l3a shows the interac-
tion force as a function of safety factor plotted separately for both blocks. The
intersection of the two curves gives the required solution, because at this point
both the interaction force and the 'safety factor are equal for the adjoining blocks.
Since, however, the inclination B of the interaction force was only an initial trial
-value, it must be redetermined by substituting for Fg, and I in (5a) and then the
calculation must be repeated iteratively with the new value of §. Usually the method
converges very rapidly. A case of interest is shown in Fig.13b, in which the equi-
librium of the two blocks, i.e. the point of intersection of the two curves leads
to a negative interaction force. This corresponds to the situation, where the safety
factor of the lower element 1 is less than that.of the upper element. Due to the
requirement that the interforce cannot transmit tensile forces it follows that the
lower element alone is decisive for stability considerations with I = O and not ele-
ments acting together. For example, if Fsg = 1 sliding only of the lower element is
to be expected, while the upper element may remain stable.
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Fig. 13: Effective safety factor Fsg of a body on two planes of different
inclinations



3.3 Semi-graphical method of solution for a polygonal slip surface
composed of several planes

If an analysis has to be carried out for a multiple-plane slip surface and use is
not made of the computer program given in the appendix, then it is also possible

to obtain a solution by semi-graphical means. Essentially, this method is based
upon a successive determination of the interaction forces Ij in the various blocks
making use of the boundary condition I = 0. The following description should suf-
fice to explain the detailed steps of the method: With the help of the basic formu-
lae (3) or (7) the interaction force is found first for element 1 for various values
of the safety factor Fg. Since the inclination Bj of the interaction force in eqns
(5) and (6a) is dependent upon I this calculation is of an iterative nature. Using
the graphical relationship for I] = f (Fg) in Fig.l4a one can find the interaction
forces IlF 11F2 11F3 corresponding to the three values of safety factor F1 F2
Fg respectlvely. The second block is now subjected to applied forces - IlFl 1n a
successive manner and for the correspondlng values of the safety factor,

Fl, the necessary interaction forces IzF1 are found (Fig.14b). Due to the implicit
representatlon of the inclination angle 62 this calculation must also be carrled
out interatively. Afterwards, the third element is loaded with the forces - IZFl s
and so on. From the condition that for the n-th element I, = 0, the sought-for
factor of safety Fgy is obtained by means of interpolation in Fig.léc.
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Fig. l4: Determination of the safety factor for a polygonal sliding surface



T =100 t/m, g =20°
01=-33%, ¢1=0,5 kp/cm?, 8;=25°
a,= 17°, ¢,=0,2 kp/cm?, 9,=22°
as= 60°, c3=0,5 kp/cm?, 95=25°

Fig. 15: Highway section with failure mechanisms @ and

3.4 Example of a stability check of a rock mass resting on an polygonal slip surface

As part of a national highway project in Switzerland it was proposed to use pre-
stressed anchors to stabilizie a section of highway cutting through rock. The rock
mass, a chalky marl, was characterized in this area by pronounced bedding, dipping
towards the road at a shallow angle. Due to the structure of the rock two different
sliding mechanisms with polygonal slip planes were assumed (Fig.l15). In case ()

the extent of the rock mass is such that the anchor forces are fully effective,
whereas in case B the sliding surfaces were so deep that they were beyond the
anchoring zones. For the upper sliding surface (case C)) the influence of the incli-
nation yy of the interface on the safety factor was investigated. The safety factor
corresponding to various values of Y2 was evaluated (Fig.16), plotting y2 as ordinate
and safety factor as abscissa. The minimum safety factor leads to the critical value
of yy for the safety factor Fsg of the rock slope. The strength parameters for the
internal slip surface were assumed to be ¢ = 1.0 kp/cm?, and & = 25°. The second
problem that had to be investigated in connection with this project was the stability
with respect to a deep-seated failure surface . In a similar way to the previous
case, the first step was to determine the critical inclinations of the internal slip
surfaces. It was found that for the same strength parameters the same value of y2
was obtained for the right interface (see Fig.l1l5) as for case (). The left slip
surface with inclination yj was determined (practically independently of strength
properties) due to the constraint that it passes through the foot of the retaining
wall. The influence of strength in the shear surface on the stability of the poten-
tial sliding mass is evident from Fig.17. For constant material properties in the
external slip surfaces an increase of the cohesion of 2.0 kp/cm? in the internal
slip surfaces effects an increase of safety factor AFg = 1.0. The influence of the
friction angle ¥ by contrast is much smaller. For the purpose of comparing these
results with other methods of analysis, the safety factor based on Janbu's method
was also computed for case ‘D . If, in Janbu's method, the interface forces are neg-
lected, a safety factor v = 2.6 results. This value holds per definition independent
of the interface parameters T and 3. More "exact" computations using Janbu's method
considering the interaction forces do not lead, for this example, to reasonable re-
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Fig. 16: Influence of the inclination of the internal shear surface on the
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Fig. 17: Influence of the strength of the internal shear surfaces on the
safety factor (case )

sults, as a variation of the assumed slope of the pressure line or of the inter-
action forces by just a few degrees already has the effect of doubling the factor
of safety.



4. Appendix

4.1 Extension of the basic formula

Often the resultant R of all the external forces is composed of a force K whose
magnitude and direction is known (e.g. water pressure) and of a force T whose

- direction B is known, but nor its magnitude (e.g. anchor force, interaction force).
In order to use the basic formulae (3) and (4) here also directly for design pur-
poses (i.e. to find T), the force K is resolved into its components K; in the
direction of T and K, in the direction of gravity (Fig.18).

cosBk
COSRB

1l

(sinBk-cosBk tgg) K

Fig. 18: Resolution of a force K into the componentes K¢ and Ky,

The resultant R is thus replaced in the basic formula by the value R = T + K;. The
effective weight increasesto W' = W + K.+ Thus, in this instance, the modified form
of equation (3) is

T=k1(1';i—Kwk2) (W+Kw)‘Kt. (7)

The coefficients ki and k) are the same as for eqn. (3).

4.2 Computer program for computation of polygonal sliding surfaces

The following simple program-subroutine, written in FORTRAN language, may be used
to calculate the safety factor of a rock mass on a polygonal sliding surface. Geo-
metry, material characteristics, and external forces are given as input data and
the safety factor is calculated in function thereof, as well as the magnitude and
direction of interaction forces. The input and output values are transferred by
formal parameters.Their significance is explained at the head of the subroutine
listing. The method of solution is based upon an extended form of eqn. (7). With
the nomenclature of Fig.ll one obtains the interaction force for the i~th element,
viz.

cjhj

W:+R,; +I1._
i, 71 1,

I; = k(1= k9) (Wi+Riw+Ii-1w) - Rj. - Ii—II\ (1<ign)

I
whereby Ip must equal zero (Rij and Riy etc. designate the components of Ri in the
directions of Ii and Wi respectively). The general form of this equation leads to
a non-linear system of equations of the n-th degree, which, with the help of an
iterative process, is solved in linear form. Since the number of equations n to be
solved is normally quite small, the computer costs are also very small.



SUBROUTINE POLY (N, ALPHA,C¥G,PHIG,G,AR, BETAR,GAMA,CFS,PHIS, VW,

1 SNUE AK,RETAK,MODE )
CCCCCCCCCCCCCCCCCCCCCCeCCCCCCCCCCCCeCCCCeCeCCCCCCCCeeeCceccCeecceccceecee
c c
c SLOPE STABILITY OF A  ®o0CK ™MaSS ON A r
C POLYGONAL SLIDING SURFACE r
c ¢
CCCCCCCCCCCCCCCCCCCeCCCCCCCCCCCCCCCCCCCCLCCCCCOCCLCCeCCCeeeCecCeeeeeeece
¢ c
c INPUT DATA (ALL ANGLES IN RADIAN) r
c e m——————— ¢
c N NUMBER OF EXTERNAL SLIDING SURFACES ¢
c ALPHACN)  DIP ANGLE OF EXTERNAL SLIDING SURFACES r
c CFGIN) COMESION IN EXTERNAL SLIDING SURFACES MULTIPLIED ¢
c 8Y AREA OF SLIDING SURFACES c
c PHIG (N) ANGLE OF FRICTION IN EXTERNAL SLIDING SURFACES c
c GIN) WEIGHT OF INDIVIDUAL BLOCKS ¢
c AR(N) EXTERNAL FORCES ACTING ON SLIDING BLOCKS ¢
c BETAR(N)  ANGLE OF INCLINATION OF FORCES ARCN) r
c GAMACN=1) DIP ANGLE OF INTERNAL SHEAR SURFACES c
c CFSC(N-1) COMESION IN INTERNAL SHEAR SURFACES NULTIPLIED ¢
c BY AREA OF SHEAR SURFACES ¢
c PHISCN=1) ANGLE OF FRICTION IN INTERNAL SHEAR SURFACES r
c WCN=1) WATE® PRESSURE TN INTERNAL SHEAR SURFACES c
c CUNITS OF FORCE) c
c r
c ouUTPUT DATA c
c memmm—ee———————— c
c SNUE SAFETY FACTOR c
c AKCN) INTERACTION FORCES IN INTEPNAL SHEAR SURFACES ¢
c BETAK(N)  ANGLES OF INCLINATION OF FORCES AK(N) IN RADTANS c
c MODE = 0 COMPUTATION OK c
c > 0 INTERACTION FORCES < 0 c
c = =1 ERPQOR: NO CONVERGENCE ¢
c CORRECTIVE MEASURET DECREASE SFAKT ORIAND C
c INCREASE TOLDELT,SPEDNUE, SPEDFLT €
¢ = =2 ERROR? DIVISION BY ZERO r
¢ = =3 ERROR! EQUATION SYSTEM NOT SOLVARALE ¢
c c
c REMAREKS c
¢ m———— ——— c
c COMMON /MATRIX/ Z(NxN) DIMENSIONING OF Z AND OF ALL ¢
c ACTUAL PARAMETE®S HAS TO BE CARPIED C
c OUT IN THE CALLING PROGRAM c
c ¢
¢ P.FRITZ + X.KOVARI ETH ZUERTCH c
¢ ¢
CCCCCCCCCCCCCCCCCCCCeCCCCCCCCCCCCCCECCCECCCCCCCLCeCCCCCCCeeccececeerecee

DIMENSION ALPHAC1), CFGU(1), PHIGCY), (1), AR{Y), BETAR(I),
1 GAMA(Y), CFS(1), PHISCY), W(Y1), AK(1), RFTAK(T)
COMMON /MATRIX/ Z(1)

DATA SPEDNUE,SPEDELT/0.5,0.75/,TOLDELT/D.05/,TOLNUE/O.5/,
1 TOL/0.00C1/7 ,ITERMAX/ID0/,SFAXT SMAX/1.5,50.0/
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IF(N.EQ.1) GOTO 135 .
ATANT = ATANC1.0)/745.0
PI1S = 270.%ATAN1

N1 = N-1

BETAK(N) = 0.0

0 2 I=1,N

PHIGC(TI) = TANCPHIG(I))
p0 3 I=1,N1

AKC(I) = Q.

PHISCI) = TANCPHISCI))
CFSCI) = CFSCI) = WCI)&PHISCT)
SNUEO = 1./SFAKT

ITER = 0

SNUEQ = SFAKTASNUED
SNUE = SNUEDQ

IF(SNUEQ.GT.SMAX) GOTO 40
COMPUTATION OF THE DIRECTION OF CONTACT FORCES

KONV -1

ITER ITER ¢+ 1

IFCITER.GTLITERMAX) GOTO &1
IF(SNUE.EQ.0.0) GOTO 42

D0 19 I=1,N1

VOoRrRZ = 1,

IFCALPHA(I+1) LT ALPHA(I)) VORZ = -1,
IFCITER.EQ.1) DELTA = ATAN(PHIS(I)/ SNUE)
IFCITER.GT.1) DELTA = PI15 = GAMA(I) - BETAK(I)
IFCITER.GTL1.AND.CFS(I).NE.D.0) GOYO 13
TGDELTA = PHISCID/SNUE

GO0T0 15

COSOELT = COS(DELTA)

IF(COSDELT.EQ.0.C) GOTD 42

TGDELTA = (PHISCIY+CFSCI)/AXK(I)/COSDELT)/SNUE
DDELTA = SPEDELTA(ATANCTGDELTA)=-DELTA)
DDABS = ABS(DDELTA)

DMIN = AMINT(DDABS,TOLOFLTADELTA)

DELTA = DELTA + SIGN(OMIN,DDELTA)
BETAK(I) = PI15 - GAMA(I) - DELTA%VORY
CONTINUE

1}

SET UP LINEAR EQUATION SYSTEM WITH UNKNOWN
CONTACT FORCES AX AND CHANGE OF SAFETY FACTO®P DSNUE

D0 29 J=1,N
NRZ = (J=1)%N
£ =49 -2

IF(J.LE.2) GOYO 22

po 21 I=1,1¢E

Z(NRZ+I) = 0.

F1Z = SNUEXSINC(ALPHA(YS)I) - COSCALPHAC(S))*PHIG(J)
FIN = SNUE*COSCALPHACJ) +BETAK(J)) + SINCALPHACJY)4BETAK(I)IXPHIGCI)
I1F(F12.E0.0.0.0R ., FIN.EQ.0.0) GOTO 4?2

F1 = F1Z/FIN

F2 = 1.0/F112

HILF = SIN(BETAR(JI))-COS(BETARCIIIATAN(BETAK(I))
ARG = HILFxAR(J)

IF(J.ER.T) GOTO 24

I = 1€ + 1

C0S8Ky = COS(BETAX(J))

IF(COSBKJ.ER.C.0) GOTO 42
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Z(NRZI+I) = F1;*(SIN(BETAK(J'1))-COS(BETlK(J—1))iT!N(BETAK(I)’)

- COS(BETAK(J-1))/COSRKJS
CONTINUE
IF(J.EQ.N) GOTO 2R
Z(NRZ+J) = 1,
IF(J.EQ.NT) GOTO 28
1A= 4 ¢+ 1
D0 26 I=IA, N1
Z(NRZ+1) = 0.
DFT = (SINCALPHACDIXFIN-COSCALPHACJI) +BETAK(IIIAFIZ)/FINIFIN

DF2 = =SINCALPHA(I)) JFIZ/F12

HILF = 6(J) + ARG = F2xCFG(Y)

Z(NRZ+N) = =DFIXHILF ¢ OF2xF1+xCFG(J)
ARK = COS(BETARC(J))/COS(BETAK(J))xAR(]Y)
AK(S) = FIXHILF - ARK

SOLVE EQUATION SYSTEM AND CHECK CONVERGENCY

CALL GAUSS{(N,Z,AK,MODE)
IF(MODE.NE.O) GOTO 43
D0 33 1=1,N1
IFCAK(I) . LT.G.0) GOTO 5

CONTINUE

DSNUE = AK(N)

DSN1 = ABS(SPEDNUEADSNUE)

DSN2 = ABS(TOLNUEXSNUE)

DSN = SIGNCAMINTC(DSNYI,DSNZ2),DSNUE)

SNUE = SNUE + DSN
IFCITER.EQ.1.0R, ABSCDSNUE/ SNUE) .GT,.TOL) GOTO 10
I1=20

IF(KONV.EQ.Q) GOTO 40

KONV = KONV + 1

GoTOo 11

SNUE = C(AR(I)XSINCALPHAC1I)+#BFTARCT))I*G(1IXCOS (ALPHA(T)))

SNUE =
1 =20

*TANCPHIG(1)) & CFG(C(Y)
SNUE/(GCI)XSINCALPHAC(T1))=-ARC1I)ACOSCALPHAC(I) +RETAR (1))

TERMINATION

MODE =

1

GOTO 46

MODE =

-1

GOTO 46

MODE =

-2

GOTO 46

MODE =

AK(N) =

-3
0.0

IF(N.EQ.T) GOTO 49
DO 47 I=1,N

PHIG(I)

= ATAN(PHIG(I))

DO 48 I=1,N1

CFSCD)
PHIS(D)

CFSCI) ¢ W(I)XPHISCD)
ATANCPHISC(I))

i

CONT INUE

RETURN
END
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SUBROUTINE GAUSS(N,Z,B,NODE)

SIMPLE GAUSSTAN ALGORITH®M (PIVOT ALWAYS TN DTAGONAL)

N - NUMBER OF EQUATIONS

Z(N%N) COEFFICIENT MATRIX TN ROWS (IS OVERWRITTEN)

B(N) VECTOR OF CONSTANTS (IS OVERWRTITTEN RY
VECTOR OF RESULTS)

MODE CONTROL PARAMETER SET BY GAUSS
0 SOLUTION OX

1 PIVOY = O

]

DIMENSION Z(1),B(1)

N1l = N -1

920 19 K=1,N1

NRZO = (X=1)&N

NPIV = NRZ0 #+ X

IA = X + 1

DO 19 J=1IA_N

NRZ = (J=1)&N

NK = NRZ + K
IF(Z(NPIV).EQ.0,0) GOTO 41
S = ZANKYJZ(NPIV)

90 18 I=1A,N

NK = NRZ + I

NZ = NRZID + I

ZINK) = Z(NK) - SxZI(NZ)
B(J) = BCJ) =~ SxB(XK)

B8(1)
IF(1.EQ.N) GOTO 25
IA =1+ 1

DO 22 1Z=1A,N

NZ = NRZ ¢ 12

S = S = Z(NZ)*8(12)
NZ = NRZ + I

B(I) = S/Z(ND)
MODE = O

GOTO 46

MODE = 1

CONTINUE

RETURN

END
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